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Abstract

An inverse radiation analysis is presented for determining the three-dimensional temperature field in an inhomogeneous, absorbing,
emitting and anisotropically scattering media of known radiative properties from the knowledge of the exit radiative energy received by
charge-coupled device (CCD) cameras at boundary surfaces. The forward Monte Carlo method was employed to describe the radiative
energy propagation. The inverse problem was formulated as an ill-posed matrix equation and solved by least square QR decomposition
(LSQR) method. The measured data were simulated by adding random errors to the exact solution of the direct problem. The effects of
measurement errors, combinations of CCD cameras, concentration distributions of particles, and coefficient fluctuating errors on the
accuracy of the inverse problem were investigated. The results show that the three-dimensional temperature field can be estimated accu-
rately, even for the noisy data.
� 2007 Published by Elsevier Ltd.
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1. Introduction

Thermal radiation is the dominant heat transfer mode in
high temperature devices such as combustion chambers
and furnaces. A comprehensive review of radiative heat
transfer in combustion systems has been given by Viskanta
and Mengüc� [1].

Inverse analysis of radiative transfer is concerned with
the determination of the radiative properties, boundary
conditions and the temperature field or source term distri-
bution from different kinds of radiation measurements. A
thorough review of inverse radiation problems has been
given by McCormick [2]. A lot of work has been reported
on the estimation of radiative properties [3–10]. Many
researchers have also dealt with the inverse problems for
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determining the temperature profile or source term in
media. Li and Özis�ik [11,12], Siewert [13,14], Li [15] and
Liu [16–18] have reconstructed the temperature profiles
or source terms in plane-parallel, spherical, and cylindrical
media by the inverse analysis form the data of the radiation
intensities exiting the boundaries. Li [19,20] considered the
estimation of the unknown source term in two-dimensional
absorbing, emitting, and scattering rectangular and cylin-
drical medium. However, only few studies have been car-
ried out on the determination of the temperature profile
or source term in three-dimensional participating media.
Inverse radiation analysis of estimating three-dimensional
temperature field or source term has been given by Liu
[21,22], who used conjugate gradient method that mini-
mized the error between the calculated exit radiative inten-
sities and the experimental data.

The forward Monte Carlo method was employed to
describe the radiative energy propagation in this paper.
The comprehensive review of Monte Carlo method in
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Nomenclature

A coefficient matrix in Eq. (11)
Aerr coefficient matrix with errors
Aerr,n element of coefficient matrix Aerr

An element of coefficient matrix A
Di?j radiative energy fraction
E radiative energy vector
Emeasured energy vector with errors
Emeasured,j element of the energy vector Emeasured

Ej the element of energy vector E
fj energy propagation and imaging process
M number of pixels
N number of volume elements
Pj radiative energy received by each pixel
Ti temperature of volume element i

TE unknown in Eq. (11)
T recon

i reconstructed temperature
T exact

i exact temperature
DVi volume of volume element i

Greek symbols

r0 Stefan–Boltzmann constant
l average value in Eqs. (12) and (13)
ag,j gas absorption coefficient
ap,i particle absorption coefficient
r1 mean square deviation in Eq. (12)
r2 mean square deviation in Eq. (13)
k1 minimum wavelength
k2 maximum wavelength
ai Planck mean absorption coefficient
w scattering angle

Subscripts

i volume number
j pixel number
n number of elements in Eq. (13)
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radiative heat transfer has been given by Howell [23]. The
validity of the Monte Carlo method used in this work
has been proved by comparing our results with those in lit-
eratures [24,25].

The accurate, convenient and noncontact determination
of temperature field is important for the study of combus-
tion science. In the present study, we develop a method of
solving three-dimensional inverse radiation problem which
allows one to determine the three-dimensional temperature
field in an inhomogeneous, absorbing, emitting and aniso-
tropically scattering media of known radiative properties
from the knowledge of the exit radiative energy received
by charge-coupled device (CCD) cameras at boundary sur-
faces. Based on Monte Carlo method, the inverse problem
was formulated as an ill-posed matrix equation and solved
by LSQR method. The measured data were simulated by
adding random errors to the exact solution of the direct
problem. At present, from the point of view of application
in practice, it should be possible to provide approximately
reasonable radiative properties, such as absorption and
scattering coefficients in combustion system, based on some
references such as [1,26–29] and some CFD simulation
results.

The effects of measurement errors, combinations of
CCD cameras, concentration distributions of particles,
and coefficient fluctuating errors on the accuracy of the
inverse problem will be examined.
Fig. 1. Coordinate system and dimensions for three-dimensional rectan-
gular enclosure.
2. Analysis

2.1. Model description

The direct problem of concern here is to find the exit
radiative energy received by CCD cameras at the boundary
surfaces for the known temperature field and radiative
properties.

The system under consideration is depicted in Fig. 1,
which is a rectangular enclosure containing participating
media. The participating media used in literatures [24,25]
is adopted as the media analyzed in this study, which is
an inhomogeneous, absorbing, emitting and anisotropi-
cally scattering medium in the rectangular, cold and black
enclosure, with dimensions W, L, H of the x-, y- and z-
directions. The center of coordinate system is in the center
of the enclosure. The system is assumed to be divided into
7 � 7 � 7 volume elements in three dimensions. The
medium consists of a mixture of nitrogen and carbon
dioxide gases plus varying concentration of carbon parti-
cles. Two kinds of concentration distributions of carbon
particles are assumed, as shown in Fig. 2. The serial



Fig. 2. Two kinds of concentration distributions of carbon particles.
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number 1,2, . . . , 343 of the abscissa is as the following
sequence (i, j,k): (1,1,1), (2,1,1), . . . , (7, 1,1), (1,2,1), (2,
2,1), . . . , (7, 7,1), (1, 1,2), . . . , (7, 7,7), as shown in Fig. 1.
The total mixture pressure is specified to be 1atm, with a
volume fraction of carbon dioxide of 0.21. The carbon par-
ticles are specified to be of uniform diameter, 30 lm. In
order to obtain the exit radiation information, eight CCD
cameras are used and mounted at the boundary surfaces,
as shown in Fig. 1.

The radiative properties of carbon particles can be cal-
culated by Mie theory [26] and the carbon particles exhibit
highly forward scattering behavior. The scattering phase
function is assumed to be adequately approximated by
the gray delta-Eddington function given as [24,25,30]

UðwÞ ¼ 2f dð1� cos wÞ þ ð1� f Þð1þ 3g cos wÞ ð1Þ
where f and g quantify the forward scattering behavior and
were specified to be 0.111 and 0.215, respectively.

In the present work, the walls are assumed to be cold.
Wall temperatures are much lower than those in the fur-
nace so the radiative energy emitted by the walls can be
ignored. Let N be the total number of volume elements.
CCD camera target plane is assumed to be divided into
M pixel elements. Monte Carlo method is employed to
describe the radiative heat transfer and M equations can
be obtained

f1ðT 1; T 2; . . . ; T N Þ ¼ P 1

f2ðT 1; T 2; . . . ; T N Þ ¼ P 2

..

.

fMðT 1; T 2; . . . ; T NÞ ¼ P M

ð2Þ

where Pj is the radiative energy received by each pixel on
the CCD target plane, fj represents radiative energy propa-
gation and imaging process which can be obtained by
Monte Carlo method, Ti is the temperature of each volume
element i, j = 1,2, . . . ,M, i = 1,2, . . . ,N.

Within the response wavelength range of CCD camera,
the energy emitted by volume element i was calculated by

Ei ¼ 4air0DV i � T 4
i ð3Þ
where ai is Planck mean absorption coefficient of volume
element i, r0 is Stefan–Boltzmann constant, DVi is the vol-
ume of volume element i.

The radiative energy arriving at the pixel j on the CCD
target plane from the total energy emitted by the volume
element i is

Ei!j ¼ Ei � Di!j ð4Þ

where Di?j is the radiative energy fraction of total energy
emitted by volume element i, received by pixel j on the
CCD target plane.

Within the response wavelength range of CCD camera,
Planck mean absorption coefficient was calculated by the
following equation:

ai ¼
R k2

k1
ðag;i þ ap;iÞebk;idk

r0T 4
i

ð5Þ

where ag,i and ap,i are gas absorption coefficient and parti-
cles absorption coefficient respectively, k1 and k2 are the
minimum and maximum wavelength of the response spec-
trum of the CCD camera.

From Eqs. (3)–(5), the following equation can be
obtained:

Ei!j ¼ Ei � Di!j ¼ 4DV i � Di!j �
Z k2

k1

ðag;i þ ap;iÞebk;i dk ð6Þ

The response wavelength of the general CCD camera is
within 0.4–0.7 lm which is the wavelength range of visible
light. Spectral absorption coefficients of CO2 can be consid-
ered to be zero in this wavelength range. The radiative
properties of particles can be considered to be independent
of the visible wavelength for large particles. Based on
above analysis, Eq. (6) can be simplified and the following
equation can be gained

Ei!j ¼ 4DV i � ap;i � Di!j �
Z k2

k1

ebk;idk ¼ Ai!j � T Ei ð7Þ

where Ai!j ¼ 4DV i � ap;i � Di!j ð8Þ

and T Ei ¼
Z k2

k1

ebk;i dk ð9Þ

Then the following equations can be deduced according to
Eqs. (2) and (7):

XN

i¼1

ðAi!1 � T EiÞ ¼ P 1

XN

i¼1

ðAi!2 � T EiÞ ¼ P 2

..

.

XN

i¼1

ðAi!M � T EiÞ ¼ P M

ð10Þ

Rewrite Eq. (10) in the matrix equation form

ATE ¼ E;A 2 RM�N ; TE 2 RN ; E 2 RM ð11Þ



Fig. 3. Standard TE under different temperatures.
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where A is the coefficient matrix and can be obtained
through Monte Carlo method, TE is determined by Eq.
(9), E is the radiative energy vector.

In the direct problem, for the known temperature field
and radiative properties, A and TE can be obtained
through Monte Carlo method. The radiative energy
received by CCD cameras at the boundary surfaces can
be calculated by Eq. (11).
2.2. Inverse problem

For the inverse problem, the temperature field is
regarded as unknown. The temperature field can be esti-
mated by using the exit radiative energy vector E measured
by CCD cameras.

The inverse problem is an ill-posed problem and Eq.
(11) is an ill-posed matrix equation. In order to get stable
and reasonable solutions, LSQR method is employed.
LSQR method is one of the most efficient methods for
the solution of large-scale ill-posed problems [31,32].
LSQR is analytically equivalent to the standard method
of conjugate gradients, but processes more favorable
numerical properties. The more details of the LSQR
method can be available in Refs. [33,34].

After Eq. (11) is solved, temperature field can be
obtained by Eq. (9). The values of standard TE in Eq. (9)
corresponding to different temperatures are calculated in
advance, as shown in Fig. 3. Once TE is obtained through
inverse solution, three-dimensional temperature field can
be immediately obtained according to Fig. 3.
Fig. 4. Exact temperature field in participating media.
3. Results and discussion

Errors could not only exist in radiative energy vector E
obtained by CCD cameras but also exist in the coefficient
matrix A due to some measuring inaccuracy, some fluctua-
tions in radiative properties, some calculation imprecision
and so on. So random errors of normal distribution with
zero average value and mean square deviation r1 and r2
were added to the energy E and the coefficient matrix A
in Eq. (11), respectively,

Emeasured;j ¼ ðlþ r1nÞEj þ Ej ð12Þ
Aerr;n ¼ ðlþ r2nÞAn þ An ð13Þ
where Emeasured,j is the element of the energy vector
Emeasured with errors and Aerr, n is the element of coefficient
matrix Aerr with errors. Ej is the element of the exact energy
vector E and An is the element of exact coefficient matrix A.
Average value l equals zero, n is a random variable of stan-
dard normal distribution and the probability lying in the
range of �2.576 < n < 2.576 is 99%. j = 1,2, . . . ,M;
n = 1,2, . . . ,M � N.

To examine the accuracy and computational efficiency
of the method developed in this paper, the following
temperature field is adopted as the exact one in the
media, as shown in Fig. 4. W, L, H of the enclosure are
equal to 0.4 m and the CCD target plane is assumed to
be divided into 30 � 30 pixel elements.

The above temperature field is not assumed arbitrarily.
Firstly the CFD simulation was carried out for an actual
pulverized coal-fired furnace and temperature filed was
obtained. The temperature distribution near combustion
burner region was adopted as the assumed exact tempera-
ture field in this paper. From Fig. 4 it is worth noting that
the temperature field is very complicated and the range of
temperature is between 800 K and 1800 K which represents
the temperature range for combustion conditions found in
typical fires and furnaces [35].

The reconstruction error for the temperature field and
the relative error for the temperature in each volume ele-
ment are defined as

Erecon ¼ 100

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN

i¼1

ðT recon
i � T exact

i Þ2
vuut ,

1

N

XN

i¼1

T exact
i

 !
ð14Þ

Erel;i ¼ 100
jT recon

i � T exact
i j

T exact
i

ð15Þ
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where T recon
i and T exact

i represent reconstructed and exact
temperature respectively, i = 1,2, . . . ,N.

In the following three cases, the effects of measure-
ment errors, combinations of CCD cameras, concentra-
tion distributions of particles, and coefficient fluctuating
errors on the accuracy of the inverse problem were inves-
tigated. Firstly, in case 1 it is assumed that only mea-
sured exit radiative energy vector E has measurement
errors. Then, in case 2 only coefficient matrix A in Eq.
(11) has fluctuating errors. Finally, both measurement
errors and coefficient fluctuating errors exist simulta-
neously in case 3.

3.1. Case 1

In this case, it is assumed that the coefficient matrix A has
no fluctuating errors and only measured exit radiative
energy vector has errors. The effects of measurement errors,
the various combinations of CCD cameras, and concentra-
tion distributions of particles on the accuracy of estimation
are examined. Due to the use of random errors adding to
the exact solution of direct problem, all the reconstruction
results are the average results of 100 samples.

3.1.1. Effects of various combinations of CCD cameras on

reconstruction accuracy

Concentration distribution (1) is used. As shown in
Fig. 5, six different combinations of CCD cameras are
used, and the locations of CCD cameras from the number
(1) to (8) are illustrated in Fig. 1. It is found that with dif-
ferent measurement errors, the results from eight CCD
cameras are the best and the results from one CCD camera
are the worst. The reconstruction errors decrease with the
increase of CCD camera quantity under certain fixed
measurement error. The accuracy of estimation decreases
as the measurement errors increase for all six combina-
tions. For the same quantity of CCD cameras, for example,
for combinations of four CCD cameras (1)(2)(3)(4) and
Fig. 5. Reconstruction errors for various combinations of CCD cameras
and different measurement errors.
(1)(3)(6)(8), reconstruction error has some differences
between two combinations with no measurement error
but there are no obvious differences with mean square devi-
ation of 0.005 and 0.01. As more CCD cameras are used
for receiving the radiative energy exiting the boundaries,
more radiative information of the three-dimensional partic-
ipating media can be obtained and better results may be
expected.
3.1.2. Reconstruction results from eight CCD cameras with

exact and noisy data

Let us examine the reconstruction results for eight CCD
cameras carefully. Concentration distribution (1) is used.
LSQR method used in this paper is an iteration method.
Reconstruction errors under different iteration times are
calculated in order to determine the best iteration times,
as shown in Fig. 6. It is noted that for each curve there is
a lowest point and the iteration times corresponding to this
point is the best iteration times.

Reconstructed temperature fields are illustrated in
Fig. 7 with no measurement errors and with mean square
deviation of 0.01. The agreement between the estimated
and the exact temperature field is excellent with no mea-
surement errors. Only few differences can be observed
with mean square deviation of 0.01. The relative errors
between the reconstructed temperature and the exact
one for each volume element have also been calculated
and shown in Fig. 8. It can be seen that the relative
errors with no measurement errors are quite small and
most of those with mean square deviation of 0.01 can
be maintained at a low level. Few points cannot be
reconstructed well because the temperature values of
these points were lower and reconstruction for these
points can be influenced more easily by measurement
errors. The overall reconstruction results indicate that
the inverse method developed in this paper can obtain
Fig. 6. Reconstruction errors varying with iteration times under two kinds
of measurement errors.



Fig. 7. Reconstructed temperature fields for different measurement errors,
(a) r1 = 0 and (b) r1 = 0.01.

Fig. 8. Relative error for each volume element, (a) r1 = 0 and (b)
r1 = 0.01.
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accurate and reasonable temperature fields, even with
noisy input data.
Fig. 9. Effects of concentration distributions of particles on the accuracy
of estimation.
3.1.3. Effects of concentration distributions of particles on

estimation accuracy

In this section, the reconstruction errors under concen-
tration distribution (2) from four CCD cameras
(1)(3)(6)(8) are investigated.

The comparison of results between concentration distri-
butions (1) and (2) is shown in Fig. 9. It is found that with
different measurement errors, reconstruction errors of con-
centration distribution (2) are larger than those of concen-
tration distribution (1). The reason may be that the average
concentration of particles in concentration distribution (2)
is larger than that in concentration distribution (1) and
average optic thickness is larger in concentration distribu-
tion (2). The radiative information of three-dimensional
participating media received by CCD cameras may be less
in concentration distribution (2) and reconstruction errors
accordingly become larger.

Moreover, it also can be seen that as measurement error
increases, the reconstruction error for concentration distri-
bution (2) increases faster and larger than that for concen-
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tration distribution (1), which may be due to the ill-posed
characteristics of the inverse problem and for larger mea-
surement errors, the accuracy and stability of reconstruc-
tion are influenced more easily by the errors.
Fig. 11. Effects of measurement errors and coefficient errors on the
accuracy of estimation simultaneously.
3.2. Case 2

The effects of the coefficient matrix errors on the accu-
racy of the inverse estimation are examined. It is assumed
that only coefficient matrix has fluctuating errors and there
are no measurement errors in this case. Eight CCD cam-
eras and concentration distribution (1) are used.

The reconstruction errors with various mean square
deviations are shown in Fig. 10 and for comparison, some
results for eight CCD cameras in case 1 are also included. It
is worth noting that as the increase of mean square devia-
tion, the reconstruction error for eight CCD cameras in
case 1 increases faster and larger compared with that of
case 2. This reveals that the effects of coefficient matrix
errors could be less compared with the effects of the mea-
surement errors on the accuracy of estimation.

Moreover, Fig. 10 also implies that, in order to improve
the accuracy of the reconstruction of the temperature field,
the measurement errors of the exit radiative energy should
be confined within an appropriate range.
3.3. Case 3

In the practical processes of measurement and inverse
solution, both measurement errors and coefficient fluctuat-
ing errors may exist at the same time. Concentration distri-
bution (1) is used and the results are shown in Fig. 11.

It can be seen that, with two kinds of measurement
errors, the reconstruction errors increase with coefficient
fluctuating errors but the difference between reconstruction
error of r1 = 0.005 and that of r1 = 0.01 becomes smaller
and smaller. As r2 equals 0.005, the difference between
reconstruction error of r1 = 0.005 and that of r1 = 0.01
is 0.8%, whereas r2 equals 0.05, the difference decreases
Fig. 10. Effects of two kinds of errors separately on the accuracy of
estimation.
to 0.2%. From this point of view, for larger coefficient
errors, measurement errors have a relatively less influence
on the accuracy of reconstruction, which is also true for
larger measurement errors. For larger measurement errors
(r1 = 0.01), the reconstruction error increases much slowly
with r2, that is, r2 increasing from 0.005 to 0.05, the recon-
struction error for r1 = 0.01 increases from 3.8% to 4.1%
but the reconstruction error for r1 = 0.005 increases from
3.0% to 3.9%. This also implies that the restraining effects
of LSQR method on lager errors are more obvious so that
reconstruction errors of inverse problem cannot increase
quickly with the measurement errors and coefficient errors.

4. Conclusions

A method is presented for determining the three-dimen-
sional temperature field in an inhomogeneous, absorbing,
emitting and anisotropically scattering media of known
radiative properties from the knowledge of the exit radia-
tive energy received by CCD cameras at boundary surfaces.
In this study, the forward Monte Carlo method is
employed to describe the radiative energy propagation
and LSQR method is introduced to solve the ill-posed
matrix equation. Although the temperature is a function
of space variables, only the measurements of exit radiative
energy at the boundary surfaces are required. Both mea-
surement errors and coefficient fluctuating errors are con-
sidered. The results show that the present technique is
robust and yields accurate three-dimensional temperature
field for the exact and noisy input data.
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